We study entanglement distillability of bipartite mixed spin states under Wigner rotations induced by Lorentz transformations. We define weak and strong criteria for relativistic isoentangled and isodistillable states to characterize relative and invariant behavior of entanglement and distillability. We exemplify these criteria in the context of Werner states, where fully analytical methods can be achieved and all relevant cases presented.
We study entanglement distillability of bipartite mixed spin states under Wigner rotations induced by Lorentz transformations. We define weak and strong criteria for relativistic isoentangled and isodistillable states to characterize relative and invariant behavior of entanglement and distillability. We exemplify these criteria in the context of Werner states, where fully analytical methods can be achieved and all relevant cases presented.
PACS numbers: 03.67. Mn, 03.30.+p Entanglement is a quantum property that played a fundamental role in the debate on completeness of quantum mechanics. Nowadays, entanglement is considered a basic resource in present and future applications of quantum information, communication, and technology [1, 2] . However, entangled states are fragile, and interactions with the environment destroy their coherence, thus degrading this precious resource. Fortunately, entanglement can still be recovered from a certain class of states which share the property of being distillable. This means that even in a decoherence scenario, entanglement can be extracted through purification processes that restore their quantum correlations [3, 4] . An entangled state can be defined as a quantum state that is not separable, and a separable state can always be expressed as a convex sum of product density operators [5] . In particular, a bipartite separable state can be written as
i , where C i ≥ 0, i C i = 1, and ρ In quantum field theory, special relativity (SR) [6, 7] and quantum mechanics are described in a unified manner. From a fundamental point of view, in addition, it is relevant to study the implications of SR on the modern quantum information theory (QIT) [8] . Recently, Peres et al. [9] have observed that the reduced spin density matrix of a single spin 1/2 particle is not a relativistic invariant, given that Wigner rotations [10] entangle the spin with the particle momentum distribution when observed in a moving referential. This astonishing result, intrinsic and unavoidable, shows that entanglement theory must be reconsidered from a relativistic point of view [11] . On the other hand, the fundamental implications of relativity on quantum mechanics could be stronger than what is commonly believed. For example, Wigner rotations induce also decoherence on two entangled spins [12, 13, 14] . However, they have not been studied yet in the context of mixed states and distillable entanglement [15, 16] .
A typical situation in SR pertains to a couple of observers: one is stationary in an inertial frame S and the other is also stationary in an inertial frame S ′ that moves with velocity v with respect to S. The problems addressed in SR consider the relation between different measurements of physical properties, like velocities, time intervals, and space intervals, of objects as seen by observers in S and S ′ . However, in QIT, it is assumed that the measurements always take place in a proper reference frame, either S or S ′ . To see the effects of SR on QIT [8] , we need to enlarge the typical situations where quantum descriptions and measurements take place.
In order to analyze the new possibilities that SR offers, we introduce the following concepts i) Weak isoentangled state ρ WIE : A state that is entangled in all considered reference frames. This property is independent of the chosen entanglement measure E.
ii) Strong isoentangled state ρ SIE E : A state that is entangled in all considered reference frames, while having a constant value associated with a given entanglement measure E. This concept depends on the E chosen.
iii) Weak isodistillable state ρ WID : A state that is distillable in all considered reference frames. This implies that the state is entangled for these observers.
iv) Strong isodistillable state ρ SID E : A state that is distillable in all considered reference frames, while having a constant value associated with a given entanglement measure E. This concept depends on the E chosen.
In general, the following hierarchy of sets holds (see Fig. 1 for a pictorial representation)
To illustrate the relative character of distillability, let us consider the specific situation in which Alice (A) and Bob (B) share a bipartite mixed state of Werner type with respect to an inertial frame S. Moreover, in order to complete the SR+QIT scenario, we also consider another inertial frame S ′ , where relatives A' and B' of A and B are moving with relative velocity v with respect to S. Using the picture of Einstein's trains, we may think that A and B are at the station platform sharing a set of mixed states, while their relatives A' and B' are travelling in a The former is a continuous variable while the latter is a discrete one. By definition, we consider our logical or computational qubit to be the spin degree of freedom. Each particle is assumed to be localized, as in a box, and its momentum p will be described by the same Gaussian distribution. We assume that the spin degrees of freedom of particles A and B are decoupled from their respective momentum distributions and form the state
Here, F is a parameter such that 0 ≤ F ≤ 1,
where q a and q b are the corresponding momentum vectors of particles A and B, as seen in S, and
with Gaussian momentum distributions G(q) := π −3/4 w −3/2 exp(−q 2 /2w 2 ), being q := |q|. |↑ and |↓ represent spin vectors pointing up and down along the z-axis, respectively. If we trace momentum degrees of freedom in Eq. (3), we obtain the usual spin Bell states, 
written in matrix form, out of which Bell state |Ψ − can be distilled if, and only if, F > 1/2.
We consider also another pair of similar particles, A ′ and B ′ , with the same state as A and B, ρ
S , but seen in another reference frame S ′ . The frame S ′ moves with velocity v along the x-axis with respect to the frame S. When we want to describe the state of A ′ and B ′ as observed from frame S, rotations on the spin variables, conditioned to the value of the momentum of each particle, have to be introduced. These conditional spin rotations, considered first by Wigner [10] , are a natural consequence of Lorentz transformations. In general, Wigner rotations entangle spin and momentum degrees of freedom for each particle. We want to encode quantum information in the two qubits determined by the spin degrees of freedom of our two spin-1/2 systems. However, the reduced two-spin state, after a Lorentz transformation, increases its entropy and reduces its initial degree of entanglement. If we consider the velocities of the particles as having only non-zero components in the z-axis, each state vector of A ′ and B ′ in Eq. (4) transforms as
where cos θ q and sin θ q express Wigner rotations conditioned to the value of the momentum vector.
The most general bipartite density matrix in the rest frame for arbitrary spin-1/2 states and Gaussian product states in momentum, is spanned by the tensor products of Ψ 2 , and can be expressed as
(7) Under a boost, Eq. (7) will transform into
Tracing out the momentum degrees of freedom, we obtain
Following Peres et al. [9] , we compute the Lorentz transformed density matrix of state Ψ 1 , after tracing out the momentum. The expression, to first order in w/m, reads
where n [14] , though not necessarily physically consistent. First, the Newton-Wigner localization problem [17] prevents us from considering momentum distributions with w m. In that case, particle creation would manifest and our model, relying on a bipartite state of the Fock space, would break down. Second, w ∼ m would produce fast wave-packet spreading, yielding an undesired particle delocalization.
This can be generalized to the other three tensor products involving Ψ 1 and Ψ 2 ,
